2\ International Journal of

‘) Science and Engineering Investigations

vol. 8, issue 92, September 2019

Received on September 9, 2019

ISSN: 2251-8843

On Soft c—Algebra and Soft 7—System

Seyyed Hossein Jafari Petroudi', Mohammad Sadoughi?, Maryam Pirouz®
L2Department of Mathematics, Payame Noor University, Tehran, Iran
*Department of Computer Science, Guilan University, Rasht, Iran
(*petroudi@pnu.ac.ir, *hossein_5798@yahoo.com, M.sadughi6212@gmail.com, mpirouz60@yahoo.com)

Abstract-In this paper we consider the concepts of soft relation
and soft mapping on soft sets. We represent some new results
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them.
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. INTRODUCTION

Soft set theory initiated by Molodtsov [10] in 1999 is one
of the Mathematical concepts that has the parameterization
tools deals with phenomena and concepts of life problems that
contain uncertainties and vagueness arise in economics,
engineering, mathematical modelling, environmental sciences
and social sciences.

Molodtsov applied this theory in many fields like
smoothness of functions, probability theory, measure theory
game theory, Riemann integration etc.

Later Maji [8] defined several basic notions of soft set
theory. Babitha and Sunil [1] introduced the soft set relations
and many related concepts.

Wardowski in [14] established new concepts of soft
element of a soft set and gave a natural definition of a soft
mapping and discussed its properties.

In this paper we consider the concepts of soft relation and
soft mapping according to the definitions of Wardowski. We
represent new results and theorems about soft mapping. After
that we introduce the notion of soft g-algebras, soft m-system
and soft A—system over the universal set U and parameters set
E .We prove important theorems and give some examples
about them.

For more information about soft set theory, soft o—algebra,
Fuzzy soft set theory and some applications of them we refer to
[2-7], [11-13].

Il.  PRELIMINARIES

Throughout this paper R (A) is the set of soft real number.
Denote by U an initial universe, by E a set of parameters and
by P (U) the collection of all subsets of U.

1) Definition [10]:

Let A be a nonempty subset of E. A soft set (F,) on U is a
set of the form F, = {(p,Ar(p)):p € E}, where Ag:E — P(U) is
a set valued map such that Ap(p) = @ for p & A. A is called an
approximate function of F,. The elements of F, of the form
(p,®) will be omitted. If a set of parameters A is of no
importance, we will write F instead of F,.

The collection of all soft sets on U will be denoted by (U).

2) Example:
Let U = {1,2,345,6,7,8,910} and E = {even, odd,
maltiple of 3} and A = {even, odd}. We define on U a soft

set F, as follows:

F, = {(even,{2,4,6,8,10}), (odd, {1,3,5,7,9})}.
3) Definition [14]:

An empty soft set, denoted bya, is a soft set of the form
{(p.9):p € E}.

4) Definition [14]:

A soft set F, is called the A_ universal soft set and is
denoted by I if Ap(p) = U foreach p € A, i.e., I; = {(p, U):p
€ A}.

5) Example:
Let U ={1,3,5,7,9,11,13} and A = {positive, odd} then

F,={(positive, U), (odd, U)}=1j;.

6) Definition [14]:
Let F;, F, € S(U). F; is called a soft subset of F,, which is
denoted by F; E F,, if Ag (p) S Ag,(p) for each p € E.
Obviously, for each F € S(U), we have
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7) Example:
Let U = {U,, U,, U3}, E = { €4, e,}and let F;, F, be of the
form F; = {(ey, {U1}), (e2, {U;, U3})}
 Fy = {(e1, {U, U2}), (e, {UD)} then Fy E F,.
8) Definition [14]:
Let F,,F, € S(U) . We say that the soft setsF,, F, are
equal, which is denoted by F; = F;, if Ag, (p) = Ap, (p) for all
p € E. It is clear that F; = F, if and only if F;, € F, and

9) Definition [14]:
Let F;,F, € S(U) . We define a soft union U, a soft
product i and soft difference \ of the soft sets as follows:

LF, OF, = {(p, 4, () U A, () :p € E}
2.F, NF, = {(p,/lpl(p) n AFz(p)):p € E}

3.F, \F, z{(p'AFl(p)\AFz(p)):p € E}

10) Example:
Let U ={U,,U,,U3,U,, U} and E = { eq, €5, e3,€,}. For
the soft sets of the form
Fy = {(e1,{U;,U,,U3}), (e3,{U3, Uy, Us})},
F, = {(e3,{U;, U3}), (eq,{Uy, Uy, Us})}
we have:
F1 0 F2 =
{(ell {Ulv UZ’ U3})v (63! {Ull U3’ U4-1 US}): (64: {Ul! UZ! US})}
F N F, = {(33.{U3})}-
F ‘ F, = {(91, {Up U,, U3}). (93. {U4; Us})}-
11) Definition [14]:
Let {F;};; € S(U) . A generalized soft union U and a soft

product A of the family of the soft sets {F;};c, are defined as
follows:

1.0y Fy = {(P:lﬁe}] AFi(IJ)) 'p € E}

2.0 F; = {(p,ireﬁl AFi(p)):p € E}

12) Definition [14]: ]
Let F € S(U). A soft complement of F, denoted by FCisa
set of the form F¢ = {(p, U \ 4z(p)): p € E}. Clearly we have
the following properties:
~\C
o

IIl.  SOFT ELEMENTS OF SOFT SETS

1) Definition [14]:
Let F € S(U). We say that « = (p, {u}) is a nonempty soft
element of F if p € E and u € Ag(p). The pair (p,®), where
p € E, will be called an empty soft elements of F.

F¢ =1z \F, (Ff)ézF,

Nonempty soft elements of F and soft elements of F will
be called the soft elements of F. The fact that « is a soft
element of F will be denoted by « € F.

2) Proposition [14]:
Let F,,F,, F € S(U) . Then we have

1.Vp€EE,(p,®) EF,
2a€F s {a}EF,
330a€EF, NF,o a€F, ANa€F,,
4. 0a€F, UF, a€F, Ua€F,,

5.0 €F, \F,® a€F, A a&F,,for each nonempty soft
element a.

3) Example:
Let U = {uy, uy, us,us} and E = { p;, p,, ps}. Take a soft
set F € S(U) of the form F = {(py, {uy, uy, u3})}. Then all the
soft elements of F are the following:

(1, D), (D2, D), (p3, D), (2, {w1}), (02, {u23), (P2, {us}).

4) Proposition [14]:
For each F € S(U), the following holds:

F =0 {{a}: a€ F}.

5) Proposition [14]:
Let F;, F, € S(U) . Then the following holds:

FFEF,oVa(a€F, = a€F,).

IV. SOFT MAPPING

1) Definition [14]:
Let F;, F, € S(U) . The cartesian product of F;, F,, denoted
by F; X F,, isaseton U x U of the form

Fy X F, = {(p1,p2), Ar(p1) X Ap(p2): 01,02 € E}.

2) Example:
Let U = {u,y, u,, u3} and E = { p;, p,}. We defineF,, F, €
S(U) as follows:

Fiy = {(p1, {u, u. D}, F, = {(p1, {wi D), (3, {ug, up, usH}
Then the soft product of F,, F, is of the form:

F1) XF, = {((pl'}%); {ug, up} x {u1})' ((Pvpz)' {ug, up}t x
?),

((Pl' p3), {ug, uz} X {ug, uy, u3})' ((P2,p1), @ X {uy}),

((pz;)Pz): @ X (Z)); ((Pz' p3), @ X {ug, uy, u3}), ((pB' p1), @ X
{u}),

((ps'pz)' ? x Q)' ((ps'ps): ? X {ul,uz,u3})} =
{((pp p1), {(ug, wy), (uy, u1)})‘

((pp p3), {(ug, uy), (Ug, up), (g, uz), (U, ug), (U, Up), (Uy, u3)})}.

International Journal of Science and Engineering Investigations, Volume 8, Issue 92, September 2019 61

www.lJSEl.com

ISSN: 2251-8843

Paper ID: 89219-07



3) Definition [14]:
Let F,,F, € S(U) . A soft set R is called a soft relation
from F, to F, if S F; X F,, i.e., R is a set of the form

R = {((p,q),up X uq) P,q EE, uy S A (p)ug
e, ()},

If ((p,q),upxuq)ER . then we will write
(p,up)R(q,uq).

4) Example:
Let Fy, F, be as in example 4.2. Then

R = {((Pv p1), {(uy, uy), (uy, u1)}): ((Pv p3), {(uz, u3)})},

is an example of soft relation fromF; toF,. Thus we can write

(1, {ug, u2 DR (1, {us}) & (1, {u DR, {usd) .

5) Definition [14]:
Let G € S(U) . A soft relation T € F X G is called a soft
mapping from F to G, which is denoted by T: F = G, if the
following two conditions are satisfied:

(SM1) For each soft element a € F, there exists only one
soft element B € G such that aTpB (which will be noted

asT(a) = B).

(SM2) For each empty soft element a € F, T(a) is an
empty soft element of G.

6) Remark [14]:

The above mentioned definition of soft mapping is different
from the notion of soft function introduced by Babitha and
Sunil in [1] and also differs from the concept of soft mapping
by Kharal and Ahmad in [4] and by Majumdar and Samanta in
[9]. This new approach enables one to obtain a natural behavior
of soft mapping similar to classical mapping.

7) Example:
Let F;, F, be as in example 4.2 and letT € F;, X F, be of
the form

T = {((pZ' pZ)i Q) X (Z))' ((p1: p3)' {uz} X {ul})’
((pbpl). {ui} x {u1})}
Then T is a soft mapping from F to G and can be written as:

T(p1, {uz}) = (03, {w}) , T(py, {usd) =
(pl' {ul}) ) T(pZI Q) = (pZI Q)
8) Definition [14]:
LetF,G € S(U) and letT: F > G be a soft mapping. The
image of X € F under soft mapping T is a soft set, denoted by
T(X), of the form

T(X) = Ugex{Ta}-
Itis clear that T (@) = @ for each soft mapping T.

9) Definition [14]:
LetF,G € S(U) and letT: F > G be a soft mapping. The
inverse of Y € G under soft mapping T is the soft set, denoted

by T~1(Y), of the form

T-1(Y) =0{{a}:a €F,T(a) EY }.

10) Remark [14]:

According to the condition (SM2) of Definition 4.5 the
inverse under soft mapping T in Definition 4.9 is well defined
in particular, the inverse of empty soft set under T is always a
soft set of F.

11) Proposition [14]: N N
Let F,G €S(U),X,X;,X, & F,V,Y,, G and let
T:F = G be asoft mapping. Then the following hold:
1.X, €X, = T(X,) S TX,).
2., Y, =T (Y, ST (Y.
3.X € T~Y(T(X)).
4. T(TY(Y)) cv.
5.T(X, UX,) =T(X,) UT(X,).
6.T(X; N X,) € T(X,) ATXy).
7.T7Y(Y, 0Y,) =T71(Y,) UT71(Y,).
8.T-1(Y, A Y,) =T 1Y) AT (Y.
12) Definition:

LetF,G e S(U)and letT: F = G be a soft mapping. Then
T is called an injective soft mapping if for each soft

elements @, a, with a, # a, we have T(a,) # T(a,).

13) Definition:
LetF,G € S(U)and letT: F = G be a soft mapping. Then
T is called a surjective soft mapping if (F) = G , i.e., for each
soft element B € G there exists one soft element o € F such
that T(a) = S.

Soft mapping T: F = G is called bijective soft mapping if
it is injective and surjective soft mapping.
14) Definition:

LetF,G € S(U)and letT: F = G be a soft mapping. Then
T is called constant soft mapping if for every soft

element o € F, T(o.) has the same soft element k € G.

15) Definition:

Let F € S(U). Then the soft mapping I: F = F is called
identity soft mapping if for each soft elementa € F we have
I(a@) = a.

16) Definition:

LetF,G e S(U)and letT: F 5 G be a soft mapping. Then

the relation

T = (0 p0) 46 (P) X A @) : (017, A6 (p1) %
AF(pj)) ET}
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is called the soft inversion mapping of T.

17) Definition:
Let F,G,H € S(U) and let T;:F 5 G,T,:G > H be two
soft mappings. We define the composition of T, and T, and
denote itby T, o T; as follows:

(T, o T)(a) = T,(Ti(a)), 0 EF.

18) Theorem:
Let F,G € S(U) and let T:F 3 G be an injective soft
mapping. Then the inversion soft mapping T is injective.
If T:F > G is surjective then T~ is also surjective mapping.

Proof:

Suppose for soft elements B, B, € G we have B, # B,. We
want to prove that T~*(B,) # T~*(B,).

LetT~*(B,) = «, & T~*(B,) = a, for some soft elements
a,,a, € F. Thenwe have T'(a,) = B, & T(a,) = B,.

Thus T(a,) # T(a,). Since T is injective then o, # a, .
Consequently

T71(B,) = o, # T71(B,) = o,. Therefore T~ is injective. (1)

Now let o € F. Since T is surjective then there exists
unique soft element B € G such that T(a) = B. Thus fora € F
we have o = T~1(B).

Hence T™1 is surjective. )

From (1) & (2) we deduce that T~ is bijective soft
mapping.

19) Theorem:

Let F,G,H € S(U) and let T;:F = G,T,:G = H be two
surjective soft mappings. Then the composition soft
mapping T, o T;: F 5 H is surjective and we have (T, o
T)™ =T, e T,

Proof:
Suppose @, a, € G be two different soft elements then
o, #a, . Since T is injective then Ti(a) # T5(a,) .

Thus Ty(Ty(ay)) # To(Ti(ay)) as T, is
Consequently T, oTy(a,) # T, oTi(a,) . This
that T, o T, is injective.

injective.
proves

Now suppose that y € H (be a soft element). Since T, is
surjective then there exists a soft element g € G such that
T,(B) = y. Hence there exists o € F such that T,(a) = B as
T, is surjective. Therefore for every y € H there existsa € F
such that T,( Ty (a)) = TL(B) =y.

In the other hand (T, o T;)(a) = y. This proves that T, o
T, is surjective. Therefore T, o T; is bijective soft mapping.
Since T;, T, , T, o T; are bijective soft mapping then we can
easily prove that (T, o T,)™ = T, 1o T, 1.

V. SOFT 0 — ALGEBRA

1) Definition [3]:
A collection M of subsets of X is called algebra of sets if:

1. AU B is in M whenever 4 and B are in M.
2. A isin M whenever A isin M.

2) Definition [3]:
A collection J of subsets of X is called a sigma algebra of
sets if:

1. XejJ.
2. A€ Jwhend€].
3. Countable union of subsets in J isalso in J.

3) Definition:
Let m is a collection of soft sets over the universal set U
and parameters set E. We say that m is a soft ¢ — algebra if :

1.1; € m.

2. Fié € m when F; € m.
3.U; F; e mwhenever F; e mfori =1,2,....

If m is a soft ¢ — algebra then (U,m) is called soft
measurable space and members of 71 are soft measurable.

4) Definition:
LetF,G € S(U)and letT: F S G is a soft mapping. Then
T is called soft measurable mapping if for every measurable
soft set 0 € G, T~1(0) is soft measurable in F.

5) Example:
Let U is a universal set and E be a set of parameters. Then
the collection m, = {@, Iz} is a soft o — algebra.

6) Example:
Let U is a universal set and E be a set of parameters. Let
m, be the collection of all soft set over U (which can be
defined from E to P(U)).

Then m, is a soft o — algebra. If m is any other soft o —
algebra then we have:

mq; Em € m,.

7) Example:
Let U ={ p1, P2, p3, 04} and E = { e, e, }. Assume that

m = {6 ’ {(31, {pl})}' {(91, {pZ! P3, p4})}’ {(91, {pl! P2, DP3» p4})};
{(32' {plf D2, D3, p4})}}
Then we can see that m is a soft — algebra.

8) Definition:
Let m is a soft — algebra over universal set U with parameters
set E. Then we have the following:

1)@ € m.
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2)IfFy,,...,Fy € m,thenF, T ..U F, €m.
3)If Fy,....Fy, €m,thenF, N .0 F, €m.

4) Let {F, ,Fy,, ..} is a collection of soft sets in mm, then
ﬁi FAi €Em.

5)If Fy, Fy € mthenF, \ Fy € m.

Proof: _
1) Since Iz € m, thus ;€ = @ € m.

2) We have
FAl U ...0 FAn = FAI U ...U FATL 06060 .

Since m is closed under countable  union

thus Fy, U...0 F, € m.

3) Since Fy,,...,F,, € m, So we have FAlé, ...,FAnC~ Em.
Therefore we can write:

Fp 8.8 Fy = (F,C 0.0 F, 9 em,
as m is closed under soft complement.

4) We know fi,—y F, = ( 01 F, )¢ €m, as m is closed
n=
under soft countable unions and soft complement.

5) Let Fy, Fp € m. Then Fy¢ & m. Hence we have F, \ Fy =
Fyn F¢ € m.

9) Theorem:
Let m,,m, are two soft o — algebras. Then the soft
intersection of m,, m, also is soft o — algebra.

Proof
It can be easily proved by definition of soft ¢_algebras.

10) Remark [5]:
Soft union of two soft ¢ — algebras may not be soft ¢ —
algebra.

11) Definition [5]:
Let U is a universal set and E be a set of parameters.

Suppose that V' is a nonempty collection of soft sets over U.
Then we define the smallest soft ¢ — algebra that contains all

soft sets of V" the soft ¢ — algebra generated by N and is
denoted by o (V).

12) Theorem [5]:
Let V" be the collection of soft subsets over U. Then there is
a smallest soft o — algebra containing V.
13) Definition:
Let U is a universal set and E be a set of parameters. We
say that a collection p of soft sets over U is soft = — system if:

1)@ € p.
2) F, N Fz € p whenever Fy, F5 € p.

14) Definition:
Let U is a universal set and E be a set of parameters. We
say that a collection £ of soft sets over U is soft 4 — system if:

1) Iz € L.
2) F,¢ € £ whenever F, € L.

3) If Fu,€L,m=1 with Fy A Fy =0 (vi#])), then
01 A, €L
n=

15) Example:
Let U ={p1, P2, P3, s} and E = { &4, €,, e5}. Assume that

p = {5 ) {(61, {P1. pZ})}' {(ez' {pl' pZ' p3})}: {(63' {p1; er P4})}:
{(31, {pl})' (63' {pl' pZ' p4})}' {(61, {pl})' {(63' {pZ' p4})}}
Then we can see that p is a soft m — system.

16) Example:
Let U = {p;, v, p3, pa} and E = { &4, e;, €5, e, }. Assume
that

L= {6 4 IE! {(6’1, {p1; pZ})}' {(er {P1: P4})}: {(63! {Pz» P3})},
{(64—1 {pSI p4})}}

Then L is a soft A — system but is not a soft ¢ — algebra.
Because £ is not closed under unions (but is closed under
disjoint unions).

17) Theorem:
1) A soft o — algebra is a soft = — system.

2) A soft o — algebra is a soft A — system.

Proof:
1) Let U is a universal set and E be a set of parameters.
Suppose that the collection 7 of soft sets over U is a soft o —

algebra. Then Iz € m. Thus @ = (I;)€ € m.

Also let F,, Fg € m. Then F, U Fz € m. Hence as we
know F,¢, Fz¢ € m. Hence F, 0 Fy = (F,° T F36)¢ € m.
Consequently 7 is a soft = — system.

2) By similar manner we can prove that m is a soft A — system.

18) Remark:
A soft o — algebra is a soft 4 — system but a soft A — system
is not a soft ¢ — algebra. Because a soft A — system is closed
under soft disjoint unions not soft unions. (see Example 5.16.)

19) Theorem:
Let U is a universal set and E be a set of parameters.
Suppose that the collection 7 of soft sets over U is soft m —
system and soft A — system. Then m is a soft o — algebra.

Proof:
Let m is a collection of soft sets over U which is soft = —
system and soft 1 — system. According to the definitions of
soft m — system and soft A — system we can see that:

iz € m.
2) F,¢ € m whenever F, € m.
Thus we need to prove that 7 is closed under soft unions.

Let Fy,,..,F,, € m which that soft sets F, are not
disjoint. We want to prove that U;_; F,, € m.
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Suppose Fg,, ..., Fp, are some soft sets over U which we
construct by the following manner:

Fp, = Fp,  Fp, = Fy, ‘FAi , Fg, =
FA3 \ (FAl U FAZ) ) ...,FBn = FATL \ Ui=1 FAi.

Therefore we have Fg = Fy 0;—1(Uj=q Fy, )¢ . Since m
is a soft  — system and soft 4 — system thus Fz € m. Also we
haveglzl FAi = 01::1 FBi.

According to the above mentioned statements {F,} are soft
disjoint. Since m is soft 2 — system thus U;_, Fp, € m .
Consequently U;_; F,, € m. This proves thatm is a soft o —
algebra.

20) Theorem:
Let U is a universal set and E be a set of parameters.
Suppose that £, and £, are two soft A — system over U. Then
L, 0L, isasoftA—system.

Proof:
Can be prove similar to Theorem 5.9.

21) Definition:

Let U is a universal set and E be a set of parameters. We
define the soft A — system generated by the collection £ of soft
sets over which is denoted by o (£) to be the intersection of all
soft 1 — system containing L. One can show that o (L) is the
smallest soft A — system that contains L.

22) Lemma:
Let £ is a collection of soft sets over universal set U and
parameter set E and o (L) is the smallest soft A — system that
contains L. Suppose that

A1 = {FA € U(L)IVFB € L,FA ﬁFB € O-(L)}.
Then A, is a soft A — system that contains L.

Proof:
1) Iz € A4, since for every Fz € L € 6(£), we have Iz N Fp =
Fg € a(L).

2) Let F, € A,. We want to show that F,© € A,.

We have F,“ € o(L) as F, € o(L) (since Fy €A, ).
Let Fz € L is arbitrary so Fz € o(£). Thus F,¢ A\ Fy € (£).
Consequently F,¢ € A,.

3) Let Fy, € Ay with F,, 0V F; = @ (for i # ). We want to show
that U,y Fy, € A;.  Pick Fz € L then FznF, € o(L)
(sinceFy € L € 0 (L) & Fy, € 0(L)).
Thus ( 01 Fy )0 Fp = 01 (Fa, N Fp) € a(L) (since o (L)
n= n=
is soft A — system). ConsequentlyU,,_; F, € A;.

Therefore A; is a soft A — system, because o(L) is the

smallest soft 2 — system that contains £ . Hence we

have a(£) € A;. By definition of A; we see that A; € o(L).
Thus two sets are equal, 6(£) = A;.

23) Lemma:
Let U is a universal set and E be a set of parameters.
According to the statements of last lemma the set

A, = {F, € 6(L)|VFz € 6(L) ,F, A Fz € 0(L) }
is a soft A — system.

Proof:
It can be proved by similar method which we stated for last
lemma.

24) Remark:
By the above mentioned result we have £ € A, , since the
intersection of any two soft sets from ¢ (£) and £ lies in o (£).

Therefore (L) € A, . Also we have A, S a(L) (by
definition). So the two sets are equal.

Consequently o(£) is closed under intersection with soft
sets from L.

25) Theorem:
Let £ is a collection of soft sets over universal set U and
parameter set E. If £ is a soft = — system then o(£) is a soft = —
system.

Proof:
It follows from lemma 5.22, 5.23 and remark 5.24.

26) Theorem:
Let £ is a collection of soft sets over universal set U and
parameter set E. Then a(L£) is equal with the o — algebra

generated by L.

Proof:
We saw that o(£) is a soft A — system. By theorem 5.25
o (L) is also a soft T — system. Thus by theorem 5.19, g(£) is a
soft ¢ — algebra containing £. So the ¢ — algebra generated by
the collection L is soft subset of o (£).

Similarly since every soft o — algebra is a soft 1 — system
thus o (L) is soft subset of the o — algebra generated by L.
Therefore o(£) is equal by the o — algebra generated by L.

27) Corollary:
Let p is a soft m — system over universal set U and
parameter set E and £ is a soft A — system over U. Then the soft
o — algebra generated by p is a soft subset of L.

Proof:
According to theorem 5.26 the soft o — algebra generated
by p is equal with o(£) < L.
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