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Abstract- In this paper the ideas of soft spectrum, soft 
condition spectrum, soft   condition spectrum and soft spectral 
radius of a soft element over soft Banach algebras are 
introduced. Some basic properties of these ideas in soft Banach 
algebras are studied. Then we define the notions of soft 
multiplicative linear functional, almost soft multiplicative 
linear functional, soft Jordan multiplicative linear functional 
and almost soft Jordan multiplicative linear functional in soft 
Banach algebras. Finally some new results and theorems about 

them over soft Banach algebra are investigated. 
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I. INTRODUCTION 

Due to uncertain data in real world, various problems in 
mathematics, engineering, environmental sciences, economics 
and medical sciences cannot be solved by the usual 
mathematical methods. The difficulty of the usual 
mathematical method is the lack of the parameterization tools 
for descriptions of problems arising in the fields of ambiguities 
and uncertainties. 

To dealing with such problems Molodtsov [14] introduced 
the concept of soft set theory. Soft set theory is an innovative 
mathematical method which has the capability for dealing with 
uncertainties. Furthermore it has the parameterization tool 
which is more flexible than the customary mathematical 
methods through the vagueness and uncertainties of day to day 
problems in real world.  

Das and Samanta [10] introduced the idea of soft linear 
functional over soft linear spaces. They studied some basic 
properties of such operators and extended some fundamental 
theorems of functional analysis in soft set settings. 

Thakur and Samanta [17] introduced the concept of soft 
Banach algebras and studied some of its preliminary properties. 
For more information about soft set theory and some of its 
applications one can see [1-3] and [12-16]. 

In this paper the ideas of soft spectrum, soft condition 
spectrum, soft   condition spectrum and soft spectral radius of 
a soft element over soft Banach algebras are introduced. Some 
basic properties of these ideas in soft Banach algebras are 

studied. Then we define the notions of soft multiplicative linear 
functional, almost soft multiplicative linear functional, soft 
Jordan multiplicative linear functional and almost soft Jordan 
multiplicative linear functional in soft Banach Algebras. 
Finally some new results and theorems about them in soft 
Banach algebras are investigated. 

 

II. PRELIMINARYE 

A. Soft set, Soft linear operator  

1) Definition 
Let   be a universe and   be a set of parameters. Let      

denote the power set of   and   a non-empty subset of  . A 
pair       is called a soft set over  , where   is a mapping 
given by         . In other words, a soft set over   is a 
parameterized family of subsets of the universe  . For    , 
    , maybe considered as the set of    approximate elements 
of the soft set      . Clearly, a soft set is not a set. 

In this study, we shall consider the soft sets with respect to 
the universal parameter set  . 

2) Definition 

The complement of a soft set       is denoted by        
        where,           is a mapping given by      
      , for all     . Let us call    to be the soft 
complement function of  .  

3) Definition 
A soft set       over   is said to be a null soft set, denoted 

by   , if for all          . 

4) Definition 
A soft set       over   is said to be an absolute soft set, 

denoted by  ̌, if for all all           . Clearly,  ̌      

5) Definition 
Let    be a nonempty set and     be a nonempty parameter 

set. Then a function          is said to be a soft element 
of   . A soft element   of    is said to belongs to a soft set   of  
  , which is denoted by   ̃ , if               ̃  . Thus for 
a soft set    of   with respect to the index set   , we have  
     {       ̃ }       

It is to be noted that every singleton soft set (a soft set  
       for which       is a singleton set,     ) can be 
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identified with a soft element by simply identifying the 
singleton set with the element that it contains,      

6) Definition 
Let     be the set of real numbers and        the collection 

of all non-empty bounded subsets of   and   taken as a set of 
parameters. Then a mapping          is called a soft real 
set. It is denoted by     . If especially        is a singleton 
set, then after identifying        with the corresponding soft 
element, it will be called a soft real number. 

The set of all soft real numbers is denoted by      and the 
set of all non-negative soft real numbers by       . 

We use notation  ̃  ̃  ̃ to denote soft real numbers whereas  
 ̅  ̅  ̅ will denote a particular type of soft real numbers such 

that  ̅     , for all      etc. For example  ̅ is the soft real 

number where  ̅    , for all     . 

7) Definition 
Let     be the set of complex numbers and        be the 

collection of all nonempty bounded subsets of the set of 
complex numbers. Also let   be a set of parameters. Then a 
mapping           is called a soft complex set. It is 
denoted by      . If in particular        is a singleton set, 
then after identifying        with the corresponding soft 
element, it will be called a soft complex number. The set of all 
soft complex numbers is denoted by     . 

8) Definition 
For two soft real numbers   ̃  ̃ we define 

      ̃  ̃   ̃ if  ̃     ̃   ̃    , for all    . 

       ̃  ̃   ̃ if  ̃     ̃   ̃    , for all    . 

        ̃  ̃   ̃ if  ̃     ̃   ̃    , for all    . 

       ̃  ̃   ̃ if  ̃     ̃   ̃    , for all    . 

9) Definition 
Let       ,            . Then the sum, difference, 

product and division are defined by  

                                 

                                  

                               

                                 
provided          

10) Definition 
Let       be a soft complex number. Then the modulus of 

      is denoted by  | |     and is defined by | |    
| |              where   is an ordinary complex number.  

Since the modulus of each ordinary complex number is a 
non-negative real number and by definition of soft real 
numbers it follows that  | |    is a non-negative soft real 
number for every soft complex number     . 

Let   be a non-empty set. Let  ̌ be the absolute soft set i.e., 

            ,  where      =  ̌ . Let    ̌   be the 

collection of all soft sets       over   for which       , for 
all      together with the null soft set  .  

Let               ̌ , then the collection of all soft 
elements of        will be denoted by         . For a 

collection   of soft elements of  ̌, the soft set generated by    
is denoted by      . 

11) Definition 

A mapping       ̌      ̌        , is said to be a 

soft metric on the soft set  ̌  if    satisfies the following 
conditions: 

         ̃  ̃  ̃  ̅  for all  ̃  ̃  ̃  ̌. 

         ̃  ̃   ̅ if and only if  ̃   ̃. 

         ̃  ̃     ̃  ̃   for all ̃  ̃  ̃  ̌. 

(M4)   For all  ̃  ̃  ̃  ̌    ̃  ̃     ̃  ̃     ̃  ̃   

The soft set  ̌ with a soft metric   on  ̌  is said to be a soft 

metric space and is denoted by    ̌       or   ̌   . 

12) Theorem (Decomposition theorem) 
If a soft metric   satisfies the condition: 

(M5)  For           , and     {   ̃  ̃       ̃     
    ̃      }  is a singleton set, and if for          
    is defined by            ̃  ̃    , where  ̃  ̃  
 ̌ such that   ̃         ̃      .Then    is a metric on  . 

13) Definition 

Let   ̌    be a soft metric space,  ̃ be a non-negative soft 

real number and  ̃   ̌ . By an open ball with center  ̃  and 

radius   ̃ , we mean the collection of soft elements of   ̌ 

satisfying    ̃  ̃  ̃  ̃. The open ball with center  ̃ and radius 
 ̃  is denoted by      ̃  ̃   
Thus    ̃  ̃  { ̃  ̃  ̌    ̃  ̃  ̃  ̃}      ̌ .  

      ̃  ̃   will be called a soft open ball with center  ̃ 
and radius  ̃. 

14) Definition 

Let    be a collection of soft elements of  ̌ in a soft metric 

space   ̌   .Then  a soft element  ̃ is said to be an interior 
element of    if there exists a positive soft real number   ̃  such 
that  ̃     ̃  ̃     

15) Definition 

Let       be a soft subset in a soft metric space ( ̌  )  
Then a soft element  ̃ is said to be an interior element of  
       if there exists a positive soft real number  ̃  such that 
 ̃     ̃  ̃           

16) Definition 

Let  ( ̌  ) be a soft metric space and    be a non-null 

collection of soft elements of  ̌.Then   is said to be  open in  ̌ 

with respect to   ’or  open in  ( ̌  )   if all elements of   are 

interior elements of  . 
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17) Definition 

Let ( ̌  ) be a soft metric space and       be a non-null 

soft subset     ( ̌) in  ̌. Then       is said to be   soft open 

in   ̌  with respect to      if there  is a collection    of soft 
elements of       such that    is open with respect to   and 
           . 

18) Definition 

Let ( ̌  ) be a soft metric space. A soft set        ( ̌) 

is said to be  soft closed in   ̌  with respect to     if its 

complement        is a member of    ( ̌) and is soft open 

in( ̌  ). 

19) Definition 

Let  ( ̌  ) be a soft metric space satisfies (M5). Then 

      is soft open with respect to   if and only if            is 
open in        , for  each       

20) Definition 
Let   be a vector space over a field    and let     be a 

parameter set. Let   be a soft set over        Now   is said to 
be a soft vector space or soft linear space of   over   if         
is a vector subspace of       .  

21) Definition 
Let   be a vector space of   over     Then a soft element 

of   is said to be a soft vector of  . In a similar manner a soft 
element of the soft set       is said to be a soft scalar,    
being the scalar field.  

22) Definition 

Let  ̃  ̃ be soft vectors of   and  ̃ be a soft scalar. Then the 

addition  ̃   ̃ and scalar multiplication   ̃  ̃  of   ̃ and  ̃  are 

defined by    ̃   ̃      ̃     ̃      ̃  ̃     
 ̃     ̃         . Obviously  ̃   ̃  ̃  ̃  are soft vectors 
of  . 

23) Definition 

Let  ̌  be the absolute soft vector space i.e,  ̌      
    . Then a mapping ‖ ‖     ̌         is said to be 

soft norm on the soft vector space   ̌  if   ‖ ‖ satisfies the 
following conditions: 

       ‖ ̃‖  ̃  ̅   for all  ̃  ̃  ̌  

       ‖ ̃‖   ̅  if and only if   ̃      

       ‖ ̃ ̃‖  ̃ | ̃|‖ ̃‖  For all  ̃  ̃  ̌  and for every soft 
scalar  ̃  

        For all  ̃  ̃  ̃  ̌ ‖ ̃   ̃‖  ̃ ‖ ̃‖  ‖ ̃‖  

The soft vector space  ̌ with a soft norm ‖ ‖ on  ̌ is said to 

be a soft normed linear space and is denoted by    ̌ ‖ ‖     

or   ̌ ‖ ‖ .                    and      are said to be soft 
norm axioms. 

24) Example 
Let      be the set of all soft real numbers. Then the 

mapping ‖ ‖            which is defined by  ‖ ̃‖  | ̃| , 
for all  ̃      , where | ̃| denotes the modulus of soft real 

numbers, is a soft norm on      and since    (    )   ̌, 

thus   ̌ ‖ ‖     or   ̌ ‖ ‖  is a soft normed linear space. With 

the same argument           ̌ is also a soft normed linear 
space. 

25) Proposition 

Let   ̌ ‖ ‖    be a soft normed linear space. Then the 

mapping    ̌   ̌        which is defined by     ̃  ̃  
‖ ̃   ̃‖  for all  ̃  ̃   ̌  is a soft metric on  ̌. 

26) Theorem 
Suppose a soft norm satisfies the condition: 

    . For    , and     ,  {‖ ̃‖     ̃     }  is a  
singleton set. 

Then for each    , the mapping  ‖ ‖       defined 

by‖ ‖  ‖ ̃‖   , for all      and   ̃  ̃  ̌ such that  ̃     , 
is a norm on  . 

27) Proposition 

Let   ̌ ‖ ‖    be a soft normed linear space satisfying 

      then the induced soft metric    ̌   ̌        

by    ̃  ̃  ‖ ̃   ̃‖, for all  ̃  ̃   ̌; satisfies       

28) Definition 
A sequence of soft elements { ̃ } in a soft normed linear 

space   ̌ ‖ ‖     is said to be convergent and converges to a 

soft element   ̃ if ‖ ̃   ̃‖   ̅  as     . This means for 

every   ̃  ̃  ̅ , chosen arbitrary, there exists a natural number 

      , such that  ̅  ̃ ‖ ̃   ̃‖  ̃  ̃, whenever   . We 
denote this by  ̃   ̃ as     or by         ̃   ̃ .   ̃ is 
said to be the limit of the sequence  ̃   as    . 

29) Definition 

A sequence { ̃ } in a soft normed linear space   ̌ ‖ ‖     
is said to be Cauchy sequence in  ̌ if corresponding to every 

 ̃  ̃  ̅, there exists      such that 

‖ ̃   ̃ ‖  ̃  ̃           i.e., ‖ ̃   ̃ ‖   ̅ as      . 

30) Definition 

Let  ( ̌ ‖ ‖  ) be a soft normed linear space. Then   ̌ is  

said  to  be  complete if  every  Cauchy  sequence  in   ̌  

convergents  to  a  soft  element  of   ̌.  Every  complete  soft  
normed  linear  space  is  called  a  soft  Banach  space. 

31) Theorem 
Every Cauchy  sequence  in      , where     is  a  finite  

set  of  parameters, is  convergent,  i.e. , the  set  of  all  soft  
real  numbers  with  its  usual  modulus  soft  norm with  
Respect  to  a  finite  set  of  parameters, is  a  soft  Banach  
space. 

32) Definition 
Let { ̃   ̃     ̃ } be a set of  soft  vectors  of  a  soft  

vector  space     such  that   ̃       for any      and  
         . Then { ̃   ̃     ̃ }  is said to be linearly 
Independent in    if for any  set  of  soft  scalar   ̃   ̃     ̃  ,  
 ̃   ̃     ̃     implies     ̃   ̃     ̃   ̅ .
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33) Proposition 
A set    { ̃   ̃     ̃ }  of  soft  vectors  in  a  soft  

vector  space    over    is  linearly independent if  and  only if  
the  sets       { ̃       ̃         ̃     }  are  linearly 
Independent in   ,     . 

34) Definition 

A  soft  linear  space   ̌  is  said  to  be  of  finite  
dimensional  if  there  is  a  finite  set  of  linearly  independent  

soft  vectors  in   ̌ which  also  generates   ̌, i.e  any  soft  

element  of   ̌  can  be  expressed  as  a  linear  combination  of  
those linearly  independent soft vectors. The set of those 

linearly independent soft vectors is said to be the basis for  ̌ 
and the number of soft vectors of the basis is called the 

dimension of   ̌. 

35) Definition 
A  soft  subset        with         ,       , in a  soft  

normed  linear  space  ( ̌ ‖ ‖  ) is  said  to  be  bounded  if  

there  exists a  soft  real number   ̃   such that   ‖ ̃‖  ̃  ̃ , 
  ̃       . 

36) Definition 
A sequence of  soft  real number { ̃ }  is  said to be  

convergent  if  for arbitrary  ̃  ̃  ̅ , there exists a natural  
number     such  that for  all    , | ̃   ̃ |  ̃  ̃.   We denote 
it by        ̃   ̃ . 

37) Definition 

Let     ( ̌)    ( ̌)  be an operator. Then   is said to 

be soft linear if  

         is additive, i.e,    ̃    ̃       ̃       ̃    for 

every soft  elements   ̃    ̃   ̃  ̌. 

         is homogeneous, i.e., for every soft  scalar  ̃ , 

   ̃ ̃   ̃   ̃  , for every soft elements  ̃  ̃  ̌. 

For every soft elements ̃    ̃   ̃  ̌, the properties      and 
     can be put in a combined form  

   ̃   ̃    ̃  ̃     ̃     ̃      ̃   ̃   . 

38) Definition 

The operator      ( ̌)    ( ̌)   is  said to  be  

continuous  at   ̃   ̃  ̌ if  for every sequence  { ̃ } of  soft 

elements of   ̌  with  ̃   ̃  as     , we  have    ̃   
   ̃     as      i.e. ,  ‖ ̃   ̃ ‖   ̅  as      implies  
‖   ̃      ̃  ‖   ̅  as      . If    is continuous at each 

soft element of   ̌, then    is  said to  be  continuous  operator. 

39) Definition 

Let      ( ̌)    ( ̌) be a soft linear operator, where  ̌ , 

 ̌ are soft  normed linear space. The  operator    is  called  

bounded  if  there  exists  some  positive  soft  real  number   ̃  

such  that for  all   ̃  ̃  ̌,  ‖   ̃  ‖  ̃  ̃‖ ̃‖. 

40) Theorem 

Let     ( ̌)    ( ̌) be a soft linear operator, where   ̌ , 

 ̌ are soft normed linear space.  If    is a bounded then    is 
continuous. 

41) Theorem 
Decomposition theorem) Suppose a soft linear 

operator      ( ̌)    ( ̌) ,where  ̌ ,  ̌  are soft  normed 

linear  Space, satisfies the  condition     . For    , and  

   ,  {   ̃      ̃  ̃  ̌             ̃      }  is a singleton 

set. Then for each      , the mapping         defined by 

          ̃     , for all     and   ̃  ̃  ̌ such that ̃     
 , is a linear operator. 

42) Theorem 

Let  ̌,  ̌ be soft normed linear Spaces which satisfy      

and     ( ̌)    ( ̌)  be a soft linear operator 

satisfying    . If    is continuous then   is bounded. 

43) Definition 

Let    be a bounded soft linear operator from    ( ̌) into 

  ( ̌).  Then the  norm  of the  operator   denoted  by  ‖ ‖, is 

a  soft  real  number  defined  as  the following: 

For each    , ‖ ‖     

   {    ‖   ̃ ‖      ‖ ̃‖               ̃  ̃  ̌ }  

44) Theorem 

Let  ̌  ,  ̌  be  soft  normed linear Spaces which  satisfy 
     and    satisfy     . Then for each    , ‖ ‖    
‖  ‖  , where  ‖  ‖  is  the  norm of the linear operator 
        

45) Theorem 

‖   ̃ ‖  ̃ ‖ ‖‖ ̃‖, for all  ̃  ̃  ̌. 

46) Theorem 

Let  ̌  ,  ̌  be  soft  normed linear Spaces which  satisfy 

     and      ( ̌)    ( ̌)  be  a  soft  linear  operator 

satisfying      .  Then 

(i). ‖ ‖       {‖   ̃ ‖    ‖ ̃‖  ̃  ̅}  ‖  ‖  , for  each 
   . 

(ii). ‖ ‖       {‖   ̃ ‖    ‖ ̃‖   ̅}  ‖  ‖  , for  each 
   . 

(iii). ‖ ‖       {
‖   ̃ ‖

‖ ̃‖
    ‖ ̃‖                    }  

‖  ‖  , for  each    . 

47) Theorem 

Let  ̌  ,  ̌  be  soft  normed linear Spaces which  satisfy 

    . Let     ( ̌)    ( ̌)   be a continuous soft linear 

operator satisfying    . Then      is continuous on    for each 
   . 

48) Theorem 

Let  ̌ ,  ̌  be  soft  normed linear Spaces which  satisfy 
    . Let  {       } be a family of bounded linear operators 
such that          for each  . Then the soft linear operator 

    ( ̌)    ( ̌)   defined by  (   ̃ )      ( ̃   )  

    , is a bounded soft linear operator satisfying     . 
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49) Definition 

An operator     ( ̌)    ( ̌) is called injective or one-

to-one if     ̃      ̃   implies  ̃   ̃ . It is called 

surjective or onto if        ( ̌). The operator   is bijective 

if    is both injective and surjective. 

B. Soft linear functional 

1) Definition 
A  soft  linear  functional    is a soft linear operator  such  

that      ( ̌)    where   ̌ is a soft  linear space  and   

     if   ̌ is a real soft  linear space and        if  ̌ is a 
complex soft  linear space.  

Since    (    )   ̌   and    (    )   ̌   are soft 

normed linear space, the definition and theorem for soft   linear 
operator over soft normed linear space remain true for soft 
linear functional. 

2) Theorem 
If  a  soft  linear  functional     is  continuous  at  some  soft  

element   ̃   ̌  then    is continuous  at  every soft  element  

of   ̌. 

3) Definition 
The soft   linear functional     is called bounded if there 

exists some positive Soft real number   ̃   such that for all  

 ̃  ̃  ̌,  ‖   ̃ ‖  ̃  ̃‖ ̃‖ . 

4) Theorem 
A soft linear functional     is continuous if it is bounded. 

5) Theorem 

Let   ̌  be a soft normed linear space which satisfy       

and      ( ̌)     be a soft linear functional satisfy    . If     
is continuous then    is bounded. 

6) Theorem 

Let  ̌ be a soft normed linear space which satisfy       and  

    ( ̌)    be a soft linear functional. If  ̌  is of finite 

dimension, then   is bounded and hence is continuous. 

7) Definition 
Let   be a bounded soft linear functional. Then the  norm  of  

the  functional    denoted  by  ‖ ‖, is a  soft  real number 
defined  as the  following. 

For  each        

‖ ‖       {    ‖   ̃ ‖      ‖  ̃ ‖             ̃  ̃  ̌}. 

8) Theorem 

Let   ̌  be  a  soft  normed  linear  space  which  satisfy 
     and    satisfy      , then for  each     , ‖ ‖    ‖  ‖  
, where  ‖  ‖  is  the  norm of  the  norm  of  the linear  
functional     on   . 

9) Theorem 

‖   ̃ ‖  ̃ ‖ ‖‖ ̃‖, for  all   ̃  ̃  ̌. 

 

 

10) Theorem 

Let   ̌  be  a  soft  normed  linear  space  which  satisfy 

     and      ( ̌)    be a  soft  linear  functional  on   ̌ 

satisfying     . Then 

(i). ‖ ‖       { ‖   ̃ ‖    ‖ ̃‖  ̃  ̅ }  ‖  ‖ , for each 
   , 

(ii).  ‖ ‖       { ‖   ̃ ‖    ‖ ̃‖   ̅ }  ‖  ‖  , for each 
   , 

(iii). ‖ ‖       {
‖   ̃ ‖

‖ ̃‖
     ‖ ̃‖     ̅              }  

‖  ‖  , for each    . 

11) Theorem 

Let   ̌  be a soft normed linear space which satisfy    . 

Let      ( ̌)     be a continuous soft linear functional on   ̌ 

satisfying    .  Then    is continuous on   ̌   for each    . 

12) Theorem 

Let   ̌  be a soft normed linear space which satisfy    . 
Let {      }  be a family of continuous linear functionals 
such that          or    for  each   .   Then the functional 

    ( ̌)   (             )  define by (   ̃ )    

  ( ̃   ),      and      ̃  ̃  ̌, is a continuous soft  linear 

functional  satisfying     .   

C. Soft Banach algebra 

1) Definition 
Let    be  an  algebra  over a field     of  complex  numbers  

and  let     be  the  parameter  set  and         be a soft  set 
over  . Now        is said to be a soft algebra  of    over     if  
      is a subalgebra  of          . 

If        is a soft Banach space with respect to a soft norm 

that satisfies the inequality  ‖ ̃ ̃‖  ̃ ‖ ̃‖‖ ̃‖   and if        
contains an identity  ̃  such that   ̃ ̃   ̃ ̃   ̃ with ‖ ̃‖   ̅ ,  
then        is called a  soft  Banach algebra.  In addition, if in 

a soft Banach algebra      ,  ̃ ̃   ̃ ̃,   ̃   ̃  ̃  ̌  then        
is called a commutative soft  Banach  algebra. 

2) Proposition 
       is a soft  Banach  algebra  iff       is a Banach  

algebra      . 

3) Proposition 
In a soft Banach algebra if   ̃   ̃   and   ̃   ̃  then  

 ̃  ̃   ̃ ̃. 

i.e., multiplication in a soft Banach algebra is continuous. 

4) Proposition 
Every parameterized  family  of  crisp  Banach  algebras  on 

a  crisp  space     can  be considered  as a soft Banach algebra  

on  the  soft  vector  space   ̃. 

5) Definition 

A soft element  ̃  ̃  ̌ is said to be invertible if it has an 

inverse in  ̌  i.e., if  there  exists a soft element  ̃  ̃  ̌ such that  
 ̃ ̃   ̃ ̃   ̃  and  then  ̃ is called the  invers of   ̃, denoted  by 
 ̃  . Otherwise   ̃  is said to be non-invertible soft element of  

 ̌. 
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6) Definition 
A series  ∑  ̃ 

 
    of  soft  elements  is  said  to be  soft  

convergent  if  the  partial sum  of  the series   ̃  ∑  ̃ 
 
     is  

soft  convergent. 

7) Theorem 

Let        be a soft Banach algebra. If  ̃  ̃  ̌  satisfies 
‖ ̃‖  ̃  ̅, then   ̃   ̃  is  invertible   and    ̃   ̃     ̃  
∑  ̃  

     

8) Corollary 

Let   be a  soft  Banach  algebra.  If   ̃  ̃  ̌  and ‖ ̃  
 ̃‖  ̃  ̅, then   ̃   exists  and  ̃    ̃  ∑   ̃   ̃   

   . 

9) Corollary 

Let     be a soft Banach algebra. Let   ̃  ̃  ̌ and   ̃ be a soft 
scaler such that | ̃|  ̃ ‖ ̃‖. Then    ̃  ̃   ̃    exists and 

   ̃  ̃   ̃    ∑  ̃   
    ̃ 

       ̃   ̃   

10) Proposition 
Let     be a soft Banach algebra. The soft set S generated  

by the  set  of  all invertible  soft  elements  of    is  a soft  
open  subset  in   . 

11) Definition 
A  mapping    from  a  soft  normed  linear  space    onto  

  is  said  to  be  continuous If  for any  sequence   ̃  ,   ̃   ̃  
implies     ̃      ̃ . 

12) Proposition 
In a soft Banach algebra  , the mapping  ̃   ̃  of   onto 

  is continuous. 

 

III. MAIN RESULTS 
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the content as a separate text file. Keep your text and graphic 
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Do not use hard tabs, and limit use of hard returns to only one 
return at the end of a paragraph. Do not add any kind of 
pagination anywhere in the paper. Do not number text heads-
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1) Definition 
Let          is a soft Banach algebra. We say that Soft 

linear functional      ( ̌)        is soft multiplicative if    

is none zero and for   ̃   ̃   ̃  ̌  we have:     ̃ ̃     ̃     ̃   

We say that     is   soft Jordan multiplicative functional if  

   ̃   (   ̃ )
 
      ̃  ̃  ̌  

2) Definition 
Let          be a soft Banach algebra with soft unit element 

 ̃  We  denote  the  soft  spectrum of  an  element   ̃   ̃  ̌  by  
    ̃   and  define  it  by 

     ̃   {  ̅   ̃        ̅  ̃    ̃   ̃         }  

where     ( ̌)  is  the  set  of  all  soft  invertible  element, 

of  soft  banach  algebra       .  We denote the soft spectral 
radius of   ̃  by     ̃    and define it by 

   ̃     {| ̅|  ̅  ̃      ̃ }  

3) Definition 

Let    ̅  ̃  ̅  ̃  ̅.  We denote the soft   condition spectrum 

of    ̃ in   ̌ by    ̅  ̃  and define it by: 

   ̅  ̃  { ̅  ̃       ‖( ̅ ̃   ̃)‖ ‖( ̅ ̃   ̃)
  

‖  
 ̅

 ̅
}  

We denote the soft   condition spectral radius of   ̃  by  
  ̅  ̃   and define it by 

  ̅  ̃     {| ̅|  ̅  ̃     ̅  ̃ }  

4) Lemma 
Let          be a soft Banach algebra with soft unit element 

 ̃  Let  ̃  ̃  ̌  such that ‖ ̃‖  ̃  ̅ . Then 
  ̃   ̃               and    ̃   ̃     ̃  ∑  ̃  

   . 

Furthermore we have  ‖   ̃   ̃   ‖  ̃
‖ ̃‖

‖ ̃‖ ‖ ̃‖
 . 

Proof. For the first part see [17] Proposition (4.11).   Now 

let  ̃   ̃   ̃   ̃     ̃  and  ̃   ̃  ∑  ̃  
     Then by 

the first part we know that     ̃   ̃      ̃  Also we have 

‖ ̃ ‖        ‖ ̃ ‖        ‖ ̃  ∑  ̃  
   ‖  ̃ ‖ ̃‖  

∑ ‖ ̃‖  
    

‖ ̃‖

‖ ̃‖ ‖ ̃‖
   

If         is soft unital (i.e., ‖ ̃‖   ̅) then we have ‖   ̃  

 ̃   ‖  ̃
 ̅

 ̅ ‖ ̃‖
 . 

5) Corollary 
Let          be a soft Banach algebra with soft unit element 

 ̃  such that ‖ ̃‖   ̅ and ̃  ̃      ̌ . Let  ̅  ̃      { ̅} such 

that‖ ̃‖  ̃ | ̅|. Then    ̅  ̃   ̃   is invertible and   ̃  ̃   ̃    

∑  ̃   
    ̃ 

        ̃   ̃ . Furthermore we have  

‖ ( ̅ ̃   ̃)
  

‖  ̃
 ̅

| ̅| ‖ ̃‖
. 

Proof. For the first part see[17] corollary (4.13). To prove 

the last statement we need only to substitute  
 ̃

 ̅
 with  ̃  in 

Lemma (3.4) and we get the result.   

6) Theorem 
Let        be a soft Banach algebra with soft unit element 

 ̃ such that ‖ ̃‖   ̅  and   ̃  ̃  ̌ . Then we have  

   ̃  ̃   ̅  ̃  ̃
 ̅  ̅

 ̅  ̅
‖ ̃‖. 

Proof. Since      ̃  ̃    ̅  ̃ , so we have     ̃  ̃   ̅  ̃ . 

Suppose that   ̅  ̃     ̅  ̃ . If | ̅|  ̃ ‖ ̃‖ , then we can easily 

prove that| ̅|  ̃
 ̅  ̅

 ̅  ̅
‖ ̃‖  Thus we have   ̅  ̃  ̃

 ̅  ̅

 ̅  ̅
‖ ̃‖. 

Now suppose that | ̅|  ̃ ‖ ̃‖ . Then   ̅ ̃   ̃  is invertible 

and by corollary (3.5) we have ‖ ( ̅ ̃   ̃)
  

‖  ̃
 ̅

| ̅| ‖ ̃‖
. Thus 

we obtain   

 ̅  ̃ ‖( ̅ ̃   ̃)
  

‖‖( ̅ ̃   ̃)‖  ̃  ̅ (
| ̅| ‖ ̃‖

| ̅| ‖ ̃‖
). 
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Consequently by some computations we get | ̅|   ̃
 ̅  ̅

 ̅  ̅
‖ ̃‖. 

Thus we conclude that    ̅  ̃  ̃
 ̅  ̅

 ̅  ̅
‖ ̃‖.  

7) Definition 

Let          be a soft Banach algebra and      ( ̌)  
      be a soft linear functional. We say that     is   almost soft 

multiplicative if there exists an  ̅  ̃  ̅   such that  for  all  

 ̃   ̃   ̃  ̌ :   

|   ̃  ̃      ̃    ̃  |  ̃  ̅‖ ̃‖‖ ̃ ‖. 

8) Proposition 
Let     is  a  soft  linear functional  on  a  soft  Banach  

algebra         with unit  element  ̃ such  that    ̃   ̅. Then 
the following conditions are equivalent. 

i)    ̃   ̅     implies     ̃    ̅  for all   ̃  ̃  ̌ , 

ii)  ( ̃ ) (   ̃ )
 
      ̃  ̃  ̌ , 

iii)    ̃   ̅     implies     ̃ ̃   ̅  for all   ̃  ̃  ̃  ̌, 

iv)    ̃ ̃     ̃     ̃        ̃   ̃  ̃  ̌ . 

Proof :  (i)   (ii) 

   ̃   ̅  implies 

 ( ̃     ̃ )     ( ̃ ̃     ̃ )       ̃        ̃     
   ̃                  

So we have      ̅   ( ̃     ̃ )   ̅ .  By (i) we have   

 ̅   (( ̃     ̃ )
 
)   ( ̃   ̅ ̃    ̃  (   ̃ )

 
)  

   ̃   (   ̃ )
 
. 

Thus we deduce that      ̃   (   ̃ )
 
. 

(ii)   (iii) 

By replacing   ̃   ̃   with    ̃   in (ii) we get     ̃ ̃  
 ̃ ̃   ̅   ̃    ̃       ̃   ̃   ̌     

Let   ̃   ̃  be in   ̌ with     ̃   ̅ .  According to       we 

have    ̃ ̃   ̃ ̃   ̅       

Hence by (ii) we obtain     ̃ ̃   ̃ ̃     ̅.   Since  

  ̃ ̃   ̃ ̃     ̅   ̃  ̃ ̃ ̃    ̃ ̃ ̃  ̃   ̅    ̃     ̃ ̃ ̃   ̅. 

According to (ii) we have    ̃ ̃   ̃ ̃   ̅       . If we add 

two equalities       and      we conclude that    ̃ ̃   ̅. 

(iii)   (iv)  

Let   ̃   ̃   ̃  ̌.  We have    ( ̃     ̃ )   ̅.  Hence for 

each       we have  

 ( ̃     ̃ )      . Thus by (iii) we have 

 (( ̃     ̃ ) ̃)      ̅. 

Then we get     

   (( ̃     ̃ ) ̃)        ̃ ̃     ̃  ̃     

   ̃ ̃         ̃        ̃               . 

Thus we have    ̅      ̃ ̃     ̃    ̃   Consequently we 
get    ̃ ̃     ̃    ̃  . 

(iv)    (i) 

From (iv) we have      ̃ ̃        ̃        ̃    . If  

   ̃   ̅,  then     ̃             .   So we have  

   ̃ ̃        ̃        ̃           ̃      . 

Therefore    ̃ ̃   ̅. 

Clearly if     is soft multiplicative linear functional then   
is soft Jordan multiplicative functional. Now we have the 
following corollary. 

9) Corollary 
Let   is a soft Jordan multiplicative linear functional on 

soft Banach algebra         with unit element   ̃  such that 

   ̃   ̅. Then    is soft multiplicative. 

10) Lemma 
Let     is a soft multiplicative linear functional on soft 

Banach algebra  ̌ . 

Then we have    ̃  ̃      ̃          ̃  ̃  ̌ . 

Proof: For   ̃  ̃  ̌  we set    ̃     ̃  ̃   ̃. Then we have  

   ̃        ̃        ̃        ̃        ̃     
   ̃      . 

Hence we have    ̃   ̅ .  Therefore   ̃  ̃      . So we 

have   ̃  ̃      ( ̌). Consequently    ̃  ̃      ̃  . 

11) Remark 
Now suppose that    is soft multiplicative linear functional 

and let   ̃  ̃      ̌  , for some  ̃  ̃  ̌ . Then    ̃ ̃   ̃   is not 

invertible and so we have    ̃ ̃   ̃   ̅   

We know that, for invertible element   ̃ we have      ̃  
 ̅ . Thus   ̃   ̃     ̃   ̅ . So we have   ̃     ̃  . 
Consequently we have the following theorem. 

12) Theorem 
Let        be  a  commutative  soft  Banach  algebra  and  

let   ̃  ̃  ̌,  then 

    ̃  {   ̃                                                }  

Proof.  It follows from lemma (3.10) and last statement. 

13) Lemma 

Let       ( ̌ )        be a soft bounded linear 

functional. Then    is almost soft multiplicative. 

Proof:  For each   ̃   ̃   ̃  ̌  we have   

|   ̃  ̃      ̃    ̃  |  |   ̃  ̃ |  |   ̃    ̃ |  

 ‖ ‖‖ ̃  ̃‖  ‖ ‖ ‖ ̃‖‖ ̃‖   ‖ ‖  ‖ ‖  ‖ ̃‖‖ ̃ ‖  

Thus     is almost soft multiplicative where   ̅  
 ‖ ‖  ‖ ‖  . 
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14) Proposition 

Let          is  a  soft  Banach  algebra  and       ( ̌ )  
      is  a  soft multipicactive  linear functional  and  

     ( ̌ )        is  a  soft  bounded  linear  functional. 

Then        is almost soft multiplicative functional but not 
multiplicative. 

Proof: For each   ̃   ̃   ̃  ̌ we have   

|         ̃  ̃           ̃          ̃ | 

 |    ̃  ̃      ̃  ̃  (    ̃      ̃ )(    ̃      ̃ )|  
|    ̃  ̃      ̃  ̃      ̃     ̃      ̃     ̃  
    ̃     ̃      ̃     ̃ |  

 |    ̃  ̃      ̃     ̃ |  |    ̃  ̃      ̃     ̃ |  
|    ̃     ̃ |  |    ̃     ̃ |. 

So by lemma (3.11) we get 

|         ̃  ̃           ̃          ̃ | 

  ‖  ‖  ‖  ‖
  ‖ ̃‖‖ ̃‖   ̅‖  ‖‖ ̃‖‖  ‖‖ ̃‖  

  ‖  ‖  ‖  ‖
   ̅‖  ‖‖  ‖ ‖ ̃‖‖ ̃‖.  

Thus          is almost soft multiplicative. Clearly  
         is not multiplicative. 

15) Definition 
Let          be a soft Banach algebra.  We  say  that soft 

linear  functional      ( ̌)        is  almost  soft  Jordan  

multiplicative functional  if  there  exist   ̅  ̃  ̅  such  that:   

|   ̃      ̃  |  ̃  ̅‖ ̃‖         ̃  ̃  ̌  

16) Corollary 

Let          be  a  soft  Banach  algebra  and       ( ̃)  
     is  a  soft  Jordan  multiplicative linear    functional  and  

     ( ̃)        is a  soft  bounded  linear  functional. Then    

      is almost soft Jordan multiplicative linear functional. 

Proof: It can be  proved  by  similar  method  which  we  
stated  in  theorem(3.12). 

17) Definition 
Let          be a soft Banach algebra with unit element  ̃ 

and let  ̅  ̃  ̅. We denote the soft   condition  spectrum  of  an  

element   ̃  ̃  ̌  by    ̅  ̃  and define it by:  

  ̅  { ̅  ̃      ‖( ̅ ̃   ̃)
  

‖  ̃
 ̅

 ̅
} . 

18) Theorem 
Let         be a soft Banach algebra with unit element    ̃ 

and let   ̅  ̃  ̅   Let     ( ̌)        be a soft linear 

functional such that    ̃   ̅  and    ̃  ̃   ̅  ̃   for  ̃  ̃  ̌ .  
Then    is soft multiplicative functional. 

Proof: We prove that for all   ̃  ̃  ̌ we have    ̃  ̃     ̃ . 
We put    ̅     ̃ . If   ̅  ̃     ̃   then    is multiplicative. If   

 ̅  ̃     ̃   then   ̅ ̃   ̃  is invertible and so  ̅ ̃   ̃  ̃    ( ̌). 

Suppose that   ̅  ̃  ̅ ‖( ̅ ̃   ̃)
  

‖. 

Then we have‖( ̅ ̃   ̃)
  

‖  ̃
 ̅

 ̅
 . 

Thus we get ‖( ̅ ̃ ̅   ̃ ̅)
  

‖  ̃
 ̅

 ̅
 

Consequently we have   ̅ ̅     ̃  ̅     ̅ ̃    ̅   ̅ , 
which is a contradiction. So     is soft multiplicative.  

19) Lemma. Let   ̅  ̃  ̅   and   ̃  ̃  ̌ . Then      ̃  
   ̅  ̃ . 

Proof: It can be proved easily by definition. 

20) Theorem 
Let         be a soft Banach algebra with unit element   ̃ 

and    be an almost  soft  multiplicative  linear functional  on 

 ̌ . If     ̃   ̅ . Then for every element   ̃  ̃  ̌  we have  
   ̃  ̃    ̅  ̃ .  

Proof: Let   ̃  ̃  ̌ and   ̅     ̃ . If   ̅ ̃   ̃  is not invertible 

then   ̅  ̃      ̃     ̅  ̃ . So  ̅  ̃   ̅  ̃ . Now assume that  

 ̅ ̃   ̃  is invertible.  Then  

 ̅  |   ̃ |  |   ̃   ̅ |   

|   ̃   ( ̅ ̃   ̅ ) (( ̅ ̃   ̅)
  

 ) | 

 ̃  ̅ ‖( ̅ ̃   ̅ ) (( ̅ ̃   ̅)
  

 )‖ 

Thus we have 

‖( ̅ ̃   ̅ ) (( ̅ ̃   ̅)
  

 )‖  ̃
 ̅

 ̅
 . 

So we conclude that   ̅  ̃    ̅  ̃  . Consequently we have   
   ̃  ̃    ̅  ̃ .  

 

IV. CONCLUSION 

In this paper we introduced the ideas of soft spectrum, soft 
condition spectrum, soft   condition spectrum and soft spectral 
radius of a soft element over soft Banach algebras. We studied 
some basic properties of these ideas in soft Banach algebras. 
Also we defined the notions of soft multiplicative linear 
functional, almost soft multiplicative linear functional, soft 
Jordan multiplicative linear functional and almost soft Jordan 
multiplicative linear functional in soft Banach algebras. Finally 
some new results and theorems about them over soft Banach 
algebra have investigated. 
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