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Abstract- In this paper the ideas of soft spectrum, soft
condition spectrum, soft €_condition spectrum and soft spectral
radius of a soft element over soft Banach algebras are
introduced. Some basic properties of these ideas in soft Banach
algebras are studied. Then we define the notions of soft
multiplicative linear functional, almost soft multiplicative
linear functional, soft Jordan multiplicative linear functional
and almost soft Jordan multiplicative linear functional in soft
Banach algebras. Finally some new results and theorems about

them over soft Banach algebra are investigated.
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l. INTRODUCTION

Due to uncertain data in real world, various problems in
mathematics, engineering, environmental sciences, economics
and medical sciences cannot be solved by the usual
mathematical methods. The difficulty of the usual
mathematical method is the lack of the parameterization tools
for descriptions of problems arising in the fields of ambiguities
and uncertainties.

To dealing with such problems Molodtsov [14] introduced
the concept of soft set theory. Soft set theory is an innovative
mathematical method which has the capability for dealing with
uncertainties. Furthermore it has the parameterization tool
which is more flexible than the customary mathematical
methods through the vagueness and uncertainties of day to day
problems in real world.

Das and Samanta [10] introduced the idea of soft linear
functional over soft linear spaces. They studied some basic
properties of such operators and extended some fundamental
theorems of functional analysis in soft set settings.

Thakur and Samanta [17] introduced the concept of soft
Banach algebras and studied some of its preliminary properties.
For more information about soft set theory and some of its
applications one can see [1-3] and [12-16].

In this paper the ideas of soft spectrum, soft condition
spectrum, soft e_condition spectrum and soft spectral radius of
a soft element over soft Banach algebras are introduced. Some
basic properties of these ideas in soft Banach algebras are

studied. Then we define the notions of soft multiplicative linear
functional, almost soft multiplicative linear functional, soft
Jordan multiplicative linear functional and almost soft Jordan
multiplicative linear functional in soft Banach Algebras.
Finally some new results and theorems about them in soft
Banach algebras are investigated.

Il.  PRELIMINARYE

A. Soft set, Soft linear operator
1) Definition

Let U be a universe and E be a set of parameters. Let P(U)
denote the power set of U and A a non-empty subset of E. A
pair (F,A) is called a soft set over U, where F is a mapping
given by F: A —» P(U). In other words, a soft set over U is a
parameterized family of subsets of the universe U. For ¢ € A4,
F (&), maybe considered as the set of £_approximate elements
of the soft set (F, A). Clearly, a soft set is not a set.

In this study, we shall consider the soft sets with respect to
the universal parameter set A.

2) Definition
The complement of a soft set (F, A) is denoted by (F,A)¢
(F¢,A) where, F¢: A - P(X) is a mapping given byF¢(a)
X—F(a), for all a € A. Let us call F¢ to be the soft
complement function of F.

3) Definition
A soft set (F, A) over X is said to be a null soft set, denoted
by @, if for alle € A, F(e) = @.

4) Definition
A soft set (F,A) over X is said to be an absolute soft set,
denoted by X, if for all all e € A, F(e) = X. Clearly, X¢ = ®.

5) Definition
Let X be a nonempty set and A be a nonempty parameter
set. Then a function €:4A — X is said to be a soft element
of X. A soft element ¢ of X is said to belongs to a soft set B of
X, which is denoted by €€B, if (e) € B(e),V e € B. Thus for
a soft set B of X with respect to the index set B , we have
B(e) = {c(e), c€B}, e€A.

It is to be noted that every singleton soft set (a soft set
(F,A) for which F(e) is a singleton set,vVe € A ) can be
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identified with a soft element by simply identifying the
singleton set with the element that it contains,Ve € A.

6) Definition
Let R be the set of real numbers and B(R) the collection
of all non-empty bounded subsets of R and A taken as a set of
parameters. Then a mapping F: A —» B(R) is called a soft real
set. It is denoted by(F, A). If especially (F,A) is a singleton
set, then after identifying (F, A) with the corresponding soft
element, it will be called a soft real number.

The set of all soft real numbers is denoted by R(A) and the
set of all non-negative soft real numbers by R(A4)".

We use notation 7, §, £ to denote soft real numbers whereas
7,5, t will denote a particular type of soft real numbers such
that 7(1) = r, for all 1 € A etc. For example 0 is the soft real
number where 0(2) , forall A € A.

7) Definition

Let C be the set of complex numbers and (C) be the
collection of all nonempty bounded subsets of the set of
complex numbers. Also let A be a set of parameters. Then a
mapping F:A - ¢(C) is called a soft complex set. It is
denoted by (F,A). If in particular (F,A) is a singleton set,
then after identifying (F,A) with the corresponding soft
element, it will be called a soft complex number. The set of all
soft complex numbers is denoted by C(A).

8) Definition
For two soft real numbers #, § we define

() #< 5ifF(A) < 5(A), forall 1 € A.
(i) #= §ifF(A) = 3(A), forall A € A.
(iii) # < §ifF(A) < §(1), forall1 € A.
(iv) #> §ifF(A1) S §(A), forall A € A.

9) Definition
Let (F,A4), (G,A) € C(A). Then the sum, difference,
product and division are defined by

F+60)D)=z+w;ze FA),w e G),VA1E 4
(F-6)(A)=z—w; ze F(A),w € G(A1),VA E 4;
(FG)YA) =zw;z€e FQA),w € G(1),VA € 4;

(F/GYX) =z/w;z€ F(A),w € G(A),VA E 4
provided G(A) # @.

10) Definition
Let (F, A) be a soft complex number. Then the modulus of
(F,A) is denoted by (|F|,4A) and is defined by |F|(1) =
|z|; z € F(1), YA € A where z is an ordinary complex number.

Since the modulus of each ordinary complex number is a
non-negative real number and by definition of soft real
numbers it follows that (|F|,A) is a non-negative soft real
number for every soft complex number(F, A).

Let X be a non-empty set. Let X be the absolute soft set i.e.,
(M) =X, VA€A, where (F,A)=X. Let S(X) be the

collection of all soft sets (F, A) over X for which F (1) # @, for
all 2 € A together with the null soft set ®.

Let(F,A)(# @) € S(X), then the collection of all soft
elements of (F,A) will be denoted by SE(F,A). For a
collection B of soft elements of X, the soft set generated by B
is denoted by SS(B).

11) Definition

A mapping d: SE(X) x SE(X) » R(A)", is said to be a
soft metric on the soft set X if d satisfies the following
conditions:

(M1) d(%,9) =0, forall &7 € X.

(M2) d(%,7) = 0ifandonly if ¥ = J.

(M3) d(%,§) = d(¥,%), forallx,y € X.

(M4) Forallx,7 € X,d(%,2) < d(%,7) + d(,2).

The soft set X with a soft metric d on X is said to be a soft
metric space and is denoted by (X, d, A) or (X, d).

12) Theorem (Decomposition theorem)
If a soft metric d satisfies the condition:

(M5) For (§,DeX x X,and A € 4, {d(%,7)(D): (X)) =
&, () =n}is a singleton set, and if for A € 4,d,: X X
X - Rtis defined by d,(¢,n) =d(&, 7)(1), where %,y €
X such that (£)(1) = &, (5)(1) = n.Then d, is a metric on X.

13) Definition

Let (X, d) be a soft metric space, 7 be a non-negative soft
real number and @ € X. By an open ball with center @ and
radius #, we mean the collection of soft elements of X
satisfying d (%, @) < #. The open ball with center @ and radius
' is denoted by B(a,r).
Thus B(G,7) = {¥ € X:d(%,a) < #} c SE(X).

SS(B(a,)) will be called a soft open ball with center @
and radius 7.

14) Definition
Let B be a collection of soft elements of X in a soft metric
space (X, d).Then a soft element @ is said to be an interior
element of B if there exists a positive soft real number # such
that @ € B(a,7) c B.

15) Definition
Let (Y, A) be a soft subset in a soft metric space (X, d).
Then a soft element @ is said to be an interior element of
(Y, A) if there exists a positive soft real number # such that
a € B(a,7) c SE(Y, A).

16) Definition
Let (X,d) be a soft metric space and B be a non-null
collection of soft elements of X.Then B is said to be‘open in X
with respect to d *or‘open in (X,d) if all elements of B are
interior elements of B.

International Journal of Science and Engineering Investigations, Volume 6, Issue 68, September 2017 18

www.lJSEl.com

ISSN: 2251-8843

Paper ID: 66817-03



17) Definition
Let (X, d) be a soft metric space and (Y, A) be a non-null
soft subset € S(X)inX. Then (Y, A) is said to be ‘soft open
in X with respect to d’ if there is a collection B of soft
elements of (Y, A) such that B is open with respect to d and

(Y,A) = SS(B).

18) Definition
Let (X, d) be a soft metric space. A soft set (Y, 4) € S(X)
is said to be ‘soft closed in X with respect to d’if its
complement (Y, A)¢ is a member of S(X) and is soft open
in(X,d).

19) Definition
Let (X,d) be a soft metric space satisfies (M5). Then
(F, A) is soft open with respect to d if and only if (F,A)(4) is
openin (X,d,) , for each 1 € A.

20) Definition
Let VV be a vector space over a field K and let A be a
parameter set. Let G be a soft set over (V, A). Now G is said to
be a soft vector space or soft linear space of VV over K if G(1)
is a vector subspace of V, V1 € A.

21) Definition
Let G be a vector space of V over K. Then a soft element
of G is said to be a soft vector of G. In a similar manner a soft
element of the soft set (K,A) is said to be a soft scalar, K
being the scalar field.

22) Definition
Let %, 7 be soft vectors of G and k be a soft scalar. Then the
addition X + ¥ and scalar multiplication k.X of kand % are
defined by F+HA) =D +5Q), k.B)A) =
k(1).%(1),vA € A . Obviously ¥ + 7,k.% are soft vectors
of G.

23) Definition

Let X be the absolute soft vector space i.e, X(1) = X,
VA € A. Then a mapping ||||: SE(X) - R(4)* is said to be
soft norm on the soft vector space X if ||| satisfies the
following conditions:

(N1). ||%]| £ 0, forall X € X.

(N2). |||l = 0 ifand only if % = 6.

(N3). ||ax|| = |a|||%|l, For all ¥ € X and for every soft
scalar @.

(N4). Forall%,5 € X, |Ix + 7l Z Izl + 17l

The soft vector space X with a soft norm ||| on X is said to
be a soft normed linear space and is denoted by (X, ]I, A)
or (X, IIFID. (N1),(N2), (N3) and (N4) are said to be soft
norm axioms.

24) Example
Let R(A) be the set of all soft real numbers. Then the

numbers, is a soft norm on R(A) and since SS(R(4)) =R,
thus (R, |||, A) or (R, ||-||) is a soft normed linear space. With
the same argument SS(C(A)) = C is also a soft normed linear
space.

25) Proposition
Let (X, |I]l,A) be a soft normed linear space. Then the
mapping d: X x X - R(A)* which is defined by d(&,¥) =
|% — ||, for all %, 7 € X, is a soft metric on X.

26) Theorem
Suppose a soft norm satisfies the condition:

(N5). For e X, and A€ A, {[x|(A):X(A) =¢&}is a
singleton set.

Then for each A € A, the mapping ||-]|l: X = R* defined
byllEll, = lIZII(A), for all €€ Xand & € X such thatX(A) = &,
isanormon X.

27) Proposition
Let (X, |||, A) be a soft normed linear space satisfying
(N5), then the induced soft metric d:X x X — R(A)"
by d(%,¥) = ||% — F||, for all %, ¥ € X; satisfies (M5).

28) Definition

A sequence of soft elements {%,} in a soft normed linear
space (X, |||, A) is said to be convergent and converges to a
soft element % if ||%, — || > 0 as n — co. This means for
every €= 0, chosen arbitrary, there exists a natural number
= N(€) , such that 0 < ||%, — %|| < &, whenevern > N. We
denote this by ¥, > ¥ asn - oo or by lim,_,, %, =X%. Xis
said to be the limit of the sequence %, asn — oo.

29) Definition
A sequence {%,} in a soft normed linear space (X, ||-||, 4)
aid to be Cauchy sequence in X if corresponding to every

is s
€ S 0, there exists m € N such that

% —%| < evij=m, ie,|%—%| > 0asi,j - .

30) Definition

Let (X,1Ill,A) be a soft normed linear space. Then X is
said to be complete if every Cauchy sequence in X
convergents to a soft element of X. Every complete soft
normed linear space is called a soft Banach space.

31) Theorem

Every Cauchy sequence in R(A), where A is a finite
set of parameters, is convergent, i.e., the set of all soft
real numbers with its usual modulus soft norm with
Respect to a finite set of parameters, is a soft Banach
space.

32) Definition

Let {@,,&,, ..., @,} be a set of soft vectors of a soft
vector space G such that &;(1) =60 forany1€ A and
i=12,..,n. Then {@&;,@d,,..,&,} is said to be linearly
Independent in G if for any set of soft scalar ¢, ¢, ..., ¢y

mapping ||-]: R(4A) = R(A)* which is defined by ||X|| = |¥|, & +&++E, =6, implies ¢ =& == =0
for all ¥ € R(A), where |X| denotes the modulus of soft real
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33) Proposition

A set S ={d, d,, .., &,} of soft vectors in a soft
vector space G over V is linearly independent if and only if
the sets SW) ={a ),&QA),..,a,(A)} are linearly
Independent in V, VA € A.

34) Definition

A soft linear space X is said to be of finite
dimensional if there is a finite set of linearly independent
soft vectors in X which also generates X, i.e any soft
element of X can be expressed as a linear combination of
those linearly independent soft vectors. The set of those
linearly independent soft vectors is said to be the basis for X
and the number of soft vectors of the basis is called the
dimension of X.

35) Definition
A soft subset (YV,A)with Y(1) # @, VA€ A, ina soft
normed linear space (X, |ll,A)is said to be bounded if

there exists a soft real number k such that ||x| < k,
V% € (Y,A).

36) Definition

A sequence of soft real number {5,} is said to be

convergent if for arbitrary £ S o, there exists a natural
number N such that for alln > N, |5 —35,| < & We denote
it by lim,, o §, = 5 .
37) Definition
Let T:SE(X) —» SE(Y) be an operator. Then T is said to
be soft linear if

(L1). T is additive, i.e, T(%; +%,) =T(X;) + T(%;) for
every soft elements %, ,%, € X.

(L2). T is homogeneous, i.e., for every soft
T(¢X) = éT(%) , for every soft elements % € X.

scalar ¢,

For every soft elements¥, , %, € X, the properties (L1) and
(L2) can be put in a combined form

T(E 1%1 + 52%2) =C 1T(£1) + EzT(fz ).

38) Definition
The operator T:SE(X)- SE(Y) is said to be
continuous at &%, € X if for every sequence {%,}of soft
elements of X with %, > ¥, as n — oo, we have T(&,) -
T(X%,) a n-ooie , ||, > %] >0 as n— oo implies
IT(X,) —T(%,)| - 6 as n— oo If T is continuous at each
soft element of X, then T is said to be continuous operator.

39) Definition
Let T:SE(X) — SE(Y) be a soft linear operator, where X ,
Y are soft normed linear space. The operator T is called
bounded if there exists some positive soft real number M
such that for all ¥ € X, ||[T(®)|| £ M||x]|.

40) Theorem
Let T: SE(X) — SE(Y) be a soft linear operator, where X ,

Y are soft normed linear space. If T is a bounded then T is
continuous.

41) Theorem

Decomposition  theorem) Suppose a soft linear
operator T:SE(X) —» SE(Y) ,where X, ¥ are soft normed
linear Space, satisfies the condition (L3). For € X , and
A€ A, {T(®)(A):% € X such that ¥ (1) = &} is a singleton
set. Then for each 1 € A, the mapping T;:X — Y defined by
T,(§) =T@&E) (), for all § € X and % € X such that¥ (1) =
&, is a linear operator.

42) Theorem
Let X, Y be soft normed linear Spaces which satisfy (N5)
and T:SE(X)—>SE(Y) be a soft linear operator
satisfying(L3). If T is continuous then T is bounded.

43) Definition
Let T be a bounded soft linear operator from SE(X) into
SE(Y). Thenthe norm of the operator T denoted by |IT||, is
a soft real number defined as the following:

Foreach1 € A, ||IT||(A) =
inf{t € R; IT@®|(A) < t.[|IX|I(A), for each ¥ €EX }

44) Theorem
Let X, Y be soft normed linear Spaces which satisfy
(N5) and T satisfy (L3). Then for each 21 € 4, ||IT||(1) =
T3], , where ||Tyll, is the norm of the linear operator
Ty: X - y.

45) Theorem
ITGEI L NITIIZ], forall X € X,

46) Theorem
Let X , Y be soft normed linear Spaces which satisfy
(N5) and T:SE(X) - SE(Y) be a soft linear operator
satisfying (L3). Then

. 1T = sup{ITEN: 1%l £ 13 = ITylla , for each
A€EA.

(i) ITNA) = sup{IT@N: 1Z]l = 1} = Iyl , for each
1EA.
(i) NTI(2) = sup {220 (): 11711 () # o, for all pe A} =

[1%]|

T3, , for each A € A.

47) Theorem
Let X , Y be soft normed linear Spaces which satisfy
(N5). Let T:SE(X) - SE(Y) be a continuous soft linear
operator satisfying(L3). Then T, is continuous on X for each
AEA.

48) Theorem
Let X, Y be soft normed linear Spaces which satisfy
(N5). Let {T;; A € A} be a family of bounded linear operators
such that T,: X — Y for each A. Then the soft linear operator
T:SE(X) » SE(Y) defined by (T(®)Q) =Ti(¥(D))
VA € A, is abounded soft linear operator satisfying (L3).
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49) Definition
An operator T: SE(X) — SE(Y) is called injective or one-
to-one if T(%) =T(%,) implies ¥; =%, . It is called
surjective or onto if R(T) = SE(Y). The operator T is bijective
if T is both injective and surjective.

B. Soft linear functional
1) Definition
A soft linear functional fis a soft linear operator such
that f:SE(X) —» K where Xis a soft linear space and K =
R(A) if Xis a real soft linear space and K = C(A) if X is a
complex soft linear space.

Since SS(R(A))=R and SS(C(A))=C are soft
normed linear space, the definition and theorem for soft linear
operator over soft normed linear space remain true for soft
linear functional.

2) Theorem
If a soft linear functional f is continuous at some soft
element %, € X thenf is continuous at every soft element
of X.
3) Definition
The soft linear functional f is called bounded if there

exists some positive Soft real number M such that for all
XEX, If®I < M|l .

4) Theorem
A soft linear functional f is continuous if it is bounded.

5) Theorem
Let X be a soft normed linear space which satisfy (N5)
and f:SE(X) - K be a soft linear functional satisfy(L3). If f
is continuous then f'is bounded.

6) Theorem
Let X be a soft normed linear space which satisfy (N5) and
f:SE(X) - K be a soft linear functional. If X is of finite
dimension, then f is bounded and hence is continuous.

7) Definition

Let f be a bounded soft linear functional. Then the norm of
the functional fdenoted by ||f]|, is a soft real number
defined as the following.

For each A € A,
IFIIQY) = inf{t € R; IF® D) < t.[|®)II(A), forall % € X}.

8) Theorem

Let X be a soft normed linear space which satisfy
(N5) and fsatisfy (L3), then for each A € A, [If||(A) = |Ifyllx
, where ||f,|l; is the norm of the norm of the linear
functional f, on X.

9) Theorem
IEG) 1 < NIFINII, for all X € X.

10) Theorem

Let X be a soft normed linear space which satisfy
(N5) and f:SE(X) - Kbe a soft linear functional on X
satisfying (L3). Then

(). NI = sup{ IFGONA: IR £ T} = lIfalln , for each
AEA,

i) NFI) = sup{ IFGONA): NIl =1} = lIfall , for each
AEA,

(iii). [IfIlA) = sup {”“”” M : KNI = 1, forallp e A} =

4]

IfAll,. , for each A € A.

11) Theorem
Let X be a soft normed linear space which satisfy(N5).
Let f:SE(X) —» K be a continuous soft linear functional on X
satisfying(L3). Then f, is continuous on X foreach A € A.

12) Theorem
Let X be a soft normed linear space which satisfy(N5).
Let {f;,A € A} be a family of continuous linear functionals
such that f,: X - R or C for each A. Then the functional
f:SE(X) » K(= R(A) or C(A)) define by (fR))Q) =
£(%0), vAeAand VXEX, is a continuous soft linear
functional satisfying (L3).

C. Soft Banach algebra
1) Definition
Let V be an algebra overafield C of complex numbers
and let A be the parameter set and (G,A) be a soft set
over V. Now (G, A) is said to be a soft algebra of Vover C if
G(A) isasubalgebra of V, VA€ A.

If (G, A) is a soft Banach space with respect to a soft norm
that satisfies the inequality [|xy|| < [IXllIF]l and if (G,A)
contains an identity & such that %& = &% = % with ||&]| = 1,
then (G, A) is called a soft Banach algebra. In addition, if in
a soft Banach algebra(G,A), % = §%, vX,¥ € G then (G,A)
is called a commutative soft Banach algebra.

2) Proposition
(G,A) is a soft Banach algebra
algebra VA € A.

iff G(A) is a Banach

3) Proposition
In a soft Banach algebra if %, > % and §,—>§ then
nFn > %5
i.e., multiplication in a soft Banach algebra is continuous.

4) Proposition
Every parameterized family of crisp Banach algebras on
a crisp space V can be considered as a soft Banach algebra
on the soft vector space V.

5) Definition
A soft element X € G is said to be invertible if it has an
inverse in G i.e., if there exists a soft element § € G such that
Xy = §X = & and then § is called the invers of X, denoted by

%~1. Otherwise ¥ is said to be non-invertible soft element of

G.
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6) Definition

A series Yo_; %, of soft elements is said to be soft
convergent if the partial sum of the series 3, = YX_, %, is
soft convergent.

7) Theorem
Let (G,A) be a soft Banach algebra. If X € G satisfies
1%l €1, then (B —%) is invertiole and (8—%)"'=8&+
n=1 XN

8) Corollary
Let G be a soft Banach algebra. If %€ G and ||&—

%|| < 1,then & 'exists andk ' =&+ Y%, (& — %)

9) Corollary
Let G be a soft Banach algebra. Let % € G and {i be a soft
scaler such that |fi] S ||X||. Then (fi& — %)~ exists and

[E-N =0, 1%, R° =9
10) Proposition
Let G be a soft Banach algebra. The soft set S generated

by the set of all invertible soft elements of Gis a soft
open subset in G.

11) Definition

A mapping T from a soft normed linear space G onto
Gis said to be continuous If forany sequence X, , X, — X
implies T(%,) = T(X).

12) Proposition
In a soft Banach algebra G, the mapping ¥ — ¥~*of S onto
S is continuous.

Ill.  MAIN RESULTS
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files separate until after the text has been formatted and styled.
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1) Definition
Let (G,A) is a soft Banach algebra. We say that Soft
linear functional ¢:SE(G) — C(A) is soft multiplicative if ¢
is none zero and for %,¥ € G we have: (%) = @) @(§).

We say that ¢ is soft Jordan multiplicative functional if
~ o\ 2 o~ =
o) = (¢(®)" ; VXEG.

2) Definition
Let (G,A) be a soft Banach algebra with soft unit element

& We denote the soft spectrum of an element X € G by
Sp(X) and define it by

Sp(X') ={X € C(A): Xe =X ¢ Inv(G")},
where Inv(G) is the set of all soft invertible element,

of soft banach algebra (G,A). We denote the soft spectral
radius of X by r(X) and define it by

r(%) = Sup{|A|:X € Sp(®}.

3) Definition
Let 0 << 1. We denote the soft £_condition spectrum
of %in G by Sps(%) and define it by:

Spe(®) = {7\ ec): |(Re-g)||||(Re-%) || > %}

We denote the soft e_condition spectral radius of X by
rz(X) and define it by

re(%) = Sup{[A|: X € Sp:(%)}.

4) Lemma

Let (G,A) be a soft Banach algebra with soft unit element
8. Let %E€G such that ||| <1 Then
(8 —X)isinvertible and (E-X)"1=8+XY> %"
Furthermore we have || (& —%)~1|| € ||é||||i||||>~<|| .

Proof. For the first part see [17] Proposition (4.11). Now
let S, =8+%X+%*+--+%x"and § =&+ X3, X" Then by
the first part we know that (& — %)™t = §. Also we have

15 11 = limp o ||Sa || = limpoo||& + Zho, XX|| £ NI81 +

o gk = eI
Zica I = 5 o

If (G,A) is soft unital (i.e., [[&]| = 1) then we have || (& -

O =g

5) Corollary
Let (G,A) be asoft Banach algebra with soft unit element
& such that ||&]| = T and% € Inv(G). Let A € C(A) — {0} such
that||%|| < |A|. Then (A& — %) is invertible and (i& —%)~! =
Yo i g™t ; (X° = &). Furthermore we have

” (Ae - ?)_1” = |X|—T||)~<||‘

Proof. For the first part see[17] corollary (4.13). To prove
the last statement we need only to substitute %With % in
Lemma (3.4) and we get the result.

6) Theorem
Let (G, A) be a soft Banach algebra with soft unit element
& such that [[&]| = 1 and XE€G . Then we have
r® 2 r:(® 2 =l
Proof. Since Sp(X) € Spg(%), so we have r(%) < rz(%).
Suppose that X € Spe(%). If [x| 2 [IZI|, then we can easily
prove that|A| < ;—J_’Z |IX]]. Thus we have rz(%) < ;—t; 1]

Now suppose that [A| S [I%]|. Then (A& — %) is invertible
and by corollary (3.5) we have ” (e - T()_l” < m Thus
we obtain

12||(Re-)7" | IIGe - %)]| 2 E(Elfllill)-
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Consequently by some computations we get [A| < — IIZIl.
Thus we conclude that rz(%) < g 1%]].
7) Definition
Let (G,A) be a soft Banach algebra and T:SE(G) —
C(A) be asoft linear functional. We say that T is almost soft
multiplicative if there exists an § > 6 such that for all

%,5 €Gy:
IT&Y) = TETE)I Z 8l .
8) Proposition
Let ¢ is a soft linear functional on a soft Banach

algebra (G,A) with unit element & such that ¢ (&) = 1. Then
the following conditions are equivalent.

i) @e® =0 implies @(%?) =0 forall X€G,
i) eE)=(p(®)" XEGT,
iii) @e® =0 implies @(&y) =0 forall %,§ € G,

iv) 0GEP) = e(®) oF) VX, 7EG.
Proof : (i) = (ii)
@& =1 implies

(X = e@)A = (&8 — ¢ = @A) e @) —
eRA) =0 ; VAEA.

0=¢(&—@®)=0. By (i) we have
0=¢ ((i - (p(i))z) =¢ (>~<2 - 2% (%) + (cp(i))z) =
0@ - (0®)".

Thus we deduce that @(%?) = (cp(f())z.

(ii) = (i)

By replacing G+ % with (%)
i) = 2p(@e(@) ; 0,7€G, (1)

Let &,§ bein Gwith @(X) =0. According to (1) we
have (X7 + §%X) = 0. (2)

Hence by (ii) we obtain @ ((X§ + §%)?) = 0. Since

So we have

in (i) we get @(Gv +

&y - 9%)° = 2 @R(FEY) + FZNX) = 4 9(X) @(XF%) = 0.
According to (i) we have @(%§ — %) = 0, (3). If we add
two equalities (2) and (3) we conclude that @(%§) = 0.

(iii) = (iv)
Let %, €G. We have (% — (%)) =0. Hence for
each A € A we have

(% — @(®)) = 0. Thus by (iii) we have
o ((x-0®)7) W) =0.

0= (&= 0®)7) W = 965 — PRV =
PEDNA — M e(M@) ; VAEA.

Thus we have 0 = @(&§) — @(X)@(§). Consequently we
get @(Xy) = (X)) .

(iv)= (i)

From (iv) we have @EHRA) =) oG . If
@) =0, then ®)(A) = 0; VA€ A. So we have
PENA) = e eMA) =0.9FH @) = 0.

Therefore @(%y) = 0.

Clearly if ¢ is soft multiplicative linear functional then ¢

is soft Jordan multiplicative functional. Now we have the
following corollary.

9) Corollary
Let ¢ is a soft Jordan multiplicative linear functional on
soft Banach algebra (G, A) with unit element & such that
@(&) = 1. Then ¢ is soft multiplicative.

10) Lemma
Let ¢ is a soft multiplicative linear functional on soft
Banach algebra G .

Then we have @(%) € sp(X) ; X€G.

Proof: For X € G we set Z = ¢(%)& — %. Then we have

@A) = oA o) — e = (@) —
M) =0.

Hence we have @(Z) = 0. Therefore Z € kerp. So we
have z € sing(G). Consequently @ (%) € sp(X) .

11) Remark
Now suppose that ¢ is soft multiplicative linear functional
and let % € sp(X), for some X € G. Then & —& is not
invertible and so we have @(z& — %) = 0.

_ We know that, for invertible element § we have @(¥) =
0. Thus Ze(@E)—@®) =0. So we have Z=¢&) .
Consequently we have the following theorem.

12) Theorem
Let (G,A) be a commutative soft Banach algebra and
let % € G, then

Sp(X) = {©(X): @ is a soft multiplicative linear functional}.
Proof. It follows from lemma (3.10) and last statement.

13) Lemma
Let  T:SE(G) - C(A) be a soft bounded linear
functional. Then T is almost soft multiplicative.

Proof: Foreach %,§ € G, we have
IT&RY) —TERTE)I < [TEP| + ITRTG)I
< ITIIFII + ITIZIKNIFN = AT+ HTI NI -

Then we get
Thus T is almost soft multiplicative where & =
(ITI -+ NITIZ).
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14) Proposition

Let (G,A) is a soft Banach algebra and T:SE(G,) —
C(A) is a soft multipicactive linear functional and
T,:SE(G,) - C(A) is a soft bounded linear functional.
Then T, + T, is almost soft multiplicative functional but not
multiplicative.

Proof: For each %, € G we have

[(Ty + T,)X§) — (T1 + T)(®(T; + TG

= |T1()~< }7) + Tz(;( }7) - (T1()~<) + Tz(f())(’n(y’) + T2(§’))| =
IT.EY) +TEH - TR ) - LRT(F) —

T T @) - (ROT.()I

< TEY) - TIRT M| + .Y - RO +
IT,OT M| + IT,OT(P)I.

So by lemma (3.11) we get
I(Ty + &) — (Ty + TLR(Ty + T)@)I
< UITIE+ I NI+ ZIT AR T

= (Il + T2 + ZIT T IDIIHIF-

Thus (T, +T,) is almost soft multiplicative. Clearly
(T, + T,) is not multiplicative.

15) Definition

Let (G,A) be a soft Banach algebra. We say that soft
linear functional ¢:SE(G) - C(A) is almost soft Jordan
multiplicative functional if there exist § S 6 such that:

lo(*) — @(®)? L §|IXII*, VXKEG.

16) Corollary

Let (G,A) be a soft Banach algebra and Ty:SE(G) -
C(A) is a soft Jordan multiplicative linear  functional and
T,:SE(G) —» C(A) isa soft bounded linear functional. Then
T, + T, is almost soft Jordan multiplicative linear functional.

Proof: It can be proved by similar method which we
stated in theorem(3.12).

17) Definition
Let (G,A) be a soft Banach algebra with unit element &
and let € > 0. We denote the soft £_condition spectrum of an
element % € G by A:(%X) and define it by:

— - A1 ~ T
= {7\ € C(A): ||(7\e —X) ” = g} .
18) Theorem
Let (G,A) be a soft Banach algebra with unit element €
and let €50 Let @:SE(G) > C(A) be a soft linear

functional such that @ (&) = 1 and (&) € A(X) for X €G.
Then  is soft multiplicative functional.

Proof: We prove that for all & € G we have (%) € Sp(%).
We put A= @(X). If A€ Sp(X) then @ is multlpllcatlve If
X € Sp(%) then A& — & is invertible and so A& — % € Inv(G).

Suppose that z S € ” (Re—%)" ”

Then we have” (e - f()_l || <
Thus we get || (Rez —%z) " || < %

Consequently we have AZ = @(X)Z = @(Z%) & Az(zX) ,
which is a contradiction. So « is soft multiplicative.

Then

19) Lemma. Let §>6 and XEG.
P8 (%) o
Proof: It can be proved easily by definition.
20) Theorem
Let (G,A) be a soft Banach algebra with unit element &
and ¢ be an almost soft multiplicative linear functional on
G. If @@ =1. Then for every element % € G we have
¢(X) € Sps(%).
Proof: Let X € Gand A = @(%). If A& — % is not invertible
then 2 € Sp(X) € Sps(X). So A € 05(X). Now assume that
A& — X isinvertible. Then

Sp(%) <

I=le@®]=le® —05|=
|e@® - (e —x)o ((Re-%)") |
25||(e-%)((e-%7")|

Thus we have
|Ge-%) (e -0)7")|| =3
S

So we conclude that A €
®(X) € Sps(®).

ps(X) . Consequently we have

IV. CONCLUSION

In this paper we introduced the ideas of soft spectrum, soft
condition spectrum, soft e_condition spectrum and soft spectral
radius of a soft element over soft Banach algebras. We studied
some basic properties of these ideas in soft Banach algebras.
Also we defined the notions of soft multiplicative linear
functional, almost soft multiplicative linear functional, soft
Jordan multiplicative linear functional and almost soft Jordan
multiplicative linear functional in soft Banach algebras. Finally
some new results and theorems about them over soft Banach
algebra have investigated.
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